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World-line geometry probed by fast spinning particle.
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Interaction of spin with electromagnetic field yields an effective metric along the world line of
spinning particle. If we insist to preserve the usual special-relativity definitions of time and distance,
critical speed which spinning particle can not overcome during its evolution in external field differs
from the speed of light. Instead, we can follow the general-relativity prescription to define physical
time and distance in the presence of electromagnetic field. With these definitions, critical speed
coincides with the speed of light. Effective metric arises also when spin interacts with gravitational
field.
Typical relativistic equations of motion (EM) have sin-
gularity at some value of a particle velocity. For instance,
the standard Lagrangian of spinless particle in electro-
magnetic field
L =
1
2λ
x˙2 − λ
2
m2c2 +
e
c
Ax˙, (1)
implies the equations d
dτ
[
x˙µ√−x˙2
]
= e
mc2
Fµν x˙
ν , which
became singular as x˙2 → 0. Using reparametrization
invariance of EM, we take physical time as the param-
eter, τ = t, then xµ = (ct,x(t)), x˙µ = (c,v(t)) and
1√−x˙2 =
1√
c2−v2 . For the acceleration a =
dv
dt
, the EM
imply va = [c2−v2] 32 e(vE)
mc3
, that is the longitudinal accel-
eration vanishes as |v| → c. Hence the singularity implies
that the particles speed can not exceed the value c.
We will use the following terminology. The speed vcr
that a particle can not exceed during its evolution in
an external field is called critical speed. The observer
independent scale c of special relativity is called, as usual,
the speed of light. According to the expression for a
above, critical speed of a spinless particle coincides with
the speed of light.
Below we show that this situation changes in special
relativity of spinning matter: if we preserve the usual
special-relativity definitions of time and distance, the
speed of light does not represent special point of man-
ifestly relativistic EM of a particle with spin.
We consider the Lagrangian formulation of Frenkel
electron [1] on an arbitrary electromagnetic background
which has been obtained in [2]. We demonstrate that
interaction of Frenkel spin-tensor with electromagnetic
field necessarily modifies the factor 1√−x˙µηµν x˙ν , this re-
placed by 1√−x˙µgµν x˙ν , where spin/field-dependent ma-
trix gµν appeared instead of the Minkowski metric ηµν .
The critical speed is determined now from the equation
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x˙gx˙ = 0. If we insist on usual special-relativity defini-
tions of time and distance, then even for rather simple
electromagnetic configurations this equation yields the
critical speed a little more than the speed of light.
Next we suggest a possibility to maintain the equality
vcr = c. This can be achieved supposing that infinites-
imal intervals of physical time and distance in electro-
magnetic field should be defined according to general-
relativity prescription, that is in a space-time with the
effective metric gµν .
Similar ideas were mentioned before in a number of
works. The appearance of trajectories with space-like
four-velocity was remarked by Hanson and Regge in their
model of spherical top in electromagnetic field [3]. Space-
like trajectories of the model in gravitational fields were
studied by Hojman, Regge [4] and by Hojman, Asenjo
[5]. A possibility of deformed relation between proper
and laboratory time in the presence of electromagnetic
field was discussed by van Holten in his model of spin
[6].
Consider spinning particle with massm, electric charge
e and magnetic moment µ interacting with an arbi-
trary electromagnetic field Fµν = ∂µAν − ∂νAµ. The
manifestly Poincare and reparametrization invariant La-
grangian on configuration space with coordinates xµ(τ),
ωµ(τ) and λ(τ) reads [2]
L =
1
4λ
[x˙Nx˙+ λDωNDω−√
[x˙Nx˙+ λDωNDω]
2 − 4λ(x˙NDω)2
]
−
λ
2
m2c2 +
α
2ω2
+
e
c
Ax˙. (2)
This depends on one free parameter α = 3~
2
4 , this par-
ticular value corresponds to spin one-half particle. Sim-
ilarly to Eq. (1), the only auxiliary variable is λ, this
provides the mass-shell condition. It has been denoted
Nµν ≡ ηµν − ωµων
ω2
, then Nµνων = 0. To introduce cou-
pling of the position variable x with electromagnetic field,
we have added the minimal interaction e
c
Aµx˙
µ. As for
basic variables of spin ωµ, they couple with Aµ through
the term Dωµ ≡ ω˙µ − λ eµ
c
Fµνων . The Frenkel spin-
tensor is a composite quantity constructed from ωµ and
2its conjugated momentum πµ as follows1:
Jµν = 2(ωµπν − ωνπµ) = (J i0 = Di, Jij = 2ǫijkSk). (3)
Here Si is three-dimensional spin-vector and Di is dipole
electric moment [7].
The action implies EM which generalize those of
Frenkel and Bargmann-Michel-Telegdi to the case of an
arbitrary electromagnetic field. They have been stud-
ied in [8], [2]. For the present discussion we need only
symbolic form of the equation for position variable, this
reads
d
dτ
[
x˙µ√−x˙gx˙
]
= fµ , (4)
where fµ is the polynomial fµ =
√−x˙gx˙a1+a2+ a3√−x˙gx˙+
a4
x˙gx˙
, with the coefficients ai that are finite as x˙gx˙ → 0.
The effective metric arises for the particle with anoma-
lous magnetic moment µ 6= 1
gµν = [η + b(µ− 1)(JF + FJ) + b2(µ− 1)2FJJF ]µν ,(5)
where b ≡ −2e4m2c3−3eµ(JF ) . The variational problem (2)
yields also the value-of-spin and Pirani [9–11] conditions
JµνJµν = 6~
2, JµνPν = 0, (6)
where the canonical momentum is Pν = ∂L∂x˙ν − ecAν . They
provide consistent quantization which yields one-particle
(positive energy) sector of the Dirac equation, see [12].
Inclusion of these constraints into a variational prob-
lem, as well as the search for an interaction consistent
with them turn out to be rather non trivial tasks [3, 13],
and the expression (2) is probably the only solution of
the problem. So, the appearance of effective metric (5)
in Eq. (4) seems to be unavoidable in a systematically
constructed model of spinning particle.
The speed of light does not represent special point
of the manifestly relativistic equation (4). Singularity
occurs at the critical velocity vcr determined by the
equation x˙gx˙ = 0. We analyze this equation for the
case of stationary homogeneous field, ∂αFµν = 0. Us-
ing the consequence (x˙JF x˙) = −b(µ − 1)(x˙FJJF x˙)
of the Pirani condition, and the expression JµαJ
αν =
−4 [π2ωµων + ω2πµπν], we write
− (x˙gx˙) = −x˙2 + 4b2(µ− 1)2 [π2(ωF x˙)2 + ω2(πF x˙)2] .(7)
As π and ω are space-like vectors [8], the last term is non-
negative, so |vcr| ≥ c. Let us confirm that generally this
term is nonvanishing function of velocity, then |vcr| > c.
Assume the contrary, that this term vanishes at some
velocity, then
ωF x˙ = −ω0(Ev) + (ω, cE+ v ×B) = 0 ,
1 The basic variables ωµ do not represent observable quantities
since they are not invariant under spin-plane local symmetry
presented in the model [12].
πF x˙ = −π0(Ev) + (pi, cE+ v ×B) = 0 . (8)
This implies c(DE) + (D,v × B) = 0. Consider the
case B = 0, then it should be (DE) = 0. On other
hand, for the homogeneous field the quantity JµνFµν =
2 [(DE) + 2(SB)] = 2(DE) is a constant of motion [8].
Hence we can take the initial conditions for spin such,
that (DE) 6= 0 at any instant.
Thus, the critical speed does not always coincide with
the speed of light and, in general case, we expect that
vcr is both field and spin-dependent quantity. Using spa-
cial part of Eq. (4), we can estimate acceleration near
vcr. Explicit computation gives va ∼
√−x˙gx˙, that is
the acceleration along the direction of velocity vanishes
as |v| → vcr > c.
To see, whether we can keep the condition vcr = c,
we use formal similarity of the matrix g appeared in (4)
with space-time metric. So, let us stop for a moment
to discuss the definitions of velocity and acceleration in
general relativity. Consider pseudo Riemann space
M(1,3) = {xµ, gµν(xρ), g00 < 0}. (9)
Physical velocity and acceleration can be defined in such
a way that speed of light represents an observer indepen-
dent quantity and, more over, a particle during its evo-
lution in curved background can not exceed the speed of
light.
To achieve this, we represent interval in 1 + 3 block-
diagonal form [14]
− ds2 = gµνdxµdxν =
−c2
[√−g00
c
(dx0 +
g0i
g00
dxi)
]2
+
(
gij − g0ig0j
g00
)
dxidxj .(10)
This prompts to introduce infinitesimal time interval, dis-
tance and speed as follows:
dt =
√−g00
c
(dx0 +
g0i
g00
dxi),
dl2 = (gij − g0ig0j
g00
)dxidxj ≡ γijdxidxj , v = dl
dt
. (11)
The conversion factor between the world time x0 and the
physical time t is
dt
dx0
=
√−g00
c
(1 +
g0i
g00
dxi
dx0
). (12)
Introduce also the three-velocity vector
vi =
(
dt
dx0
)−1
dxi
dx0
, (13)
or, symbolically vi = dx
i
dt
. This is consistent with the
above definition of v: v2 =
(
dl
dt
)2
= v2 = viγijv
j . In
the result, the interval (10) acquires the form similar to
special relativity (but now we have v2 = vγv)
− ds2 = −c2dt2 + dl2 = −c2dt2
(
1− v
2
c2
)
. (14)
3This equality holds in any coordinate system xµ. Hence
all observers conclude that a particle with ds2 = 0 has
the speed v2 = c2.
To proceed further, we associate with M(1,3) the one-
parameter family of three-dimensional spaces M3x0 =
{xk, γij , Dkγij = 0}. The covariant derivativeDk is con-
structed with help of three-dimensional metric γij(x
0, xk)
written in Eq. (11), where x0 is considered as a parame-
ter (below we also use D0 =
dxk
dx0
Dk). Note that velocity
has been defined above with help of the curve in M3
x0
parameterized by this parameter, xi(x0).
To define an acceleration, we need to adopt some no-
tion of a constant vector field (parallel transport equa-
tion) in this space. In Euclidean space the scalar product
of two constant fields has the same value at any point. In
particular, taking the scalar product along a line xi(x0),
we have d
dx0
(ξ, η) = 0. For the constant fields in our case
it is natural to demand the same (necessary) condition:
d
dx0
[ξi(x0)γij(x
0, xi(x0))ηi(x0)] = 0. Taking into account
that Dkγij = 0, this condition can be written as follows
(D0ξ +
1
2
(ξ∂0γγ
−1), η) + (ξ,D0η +
1
2
(γ−1∂0γη)) = 0.
So we take the parallel-transport equation to be
D0ξ
i +
1
2
(ξ∂0γγ
−1)i = 0. (15)
Then we define the acceleration with respect to physical
time as follows:
ai =
(
dt
dx0
)−1 [
D0v
i +
1
2
(v∂0γγ
−1)i
]
. (16)
For the special case of constant gravitational field,
gµν(x
i), the definition (16) reduces to that of Landau
and Lifshitz, see page 251 in [14].
Let us estimate the acceleration as v → c. Particle in
general relativity propagates along geodesics of M(1,3),
with the reparametrization-invariant equation being
d
dτ
(
x˙µ√−x˙gx˙
)
+ Γµαβ(g)x˙
α x˙
β
√−x˙gx˙ = 0. (17)
To see, which equation for ai implied by (17), we take
τ = x0 in its spacial part, and write the resulting expres-
sion through vi and then through ai. Straightforward
computation gives the expression
ai =
1
2
(
dτ
dx0
)−1 [
(v∂0γγ
−1)i − (v∂0γv)
c2
vi
]
+
(
δij − v
i(vγ)j
c2
)
[Γ˜jkl(γ)v
kvl −
(
dτ
dx0
)−2
Γj00−
Γjklv
kvl − 2
(
dτ
dx0
)−1
Γj0kv
k]. (18)
Then the acceleration along the velocity is
vγa =
1
2
(
dτ
dx0
)−1 [
(v∂0γv)− (v∂0γv) (vγv)
c2
]
+
(
1− vγv
c2
)
(vγ)i[Γ˜
i
kl(γ)v
kvl −
(
dτ
dx0
)−2
Γi00−
Γijkv
jvk − 2
(
dτ
dx0
)−1
Γi0kv
k]. (19)
This implies vγa→ 0 as vγv→ c2. That is acceleration
along the direction of velocity vanishes as the speed ap-
proximates the speed of light. With these definitions the
spinless particle in an external gravitational field can not
overcome the speed of light.
The last term in the definition (16) yields the impor-
tant factor (v∂0γγ
−1)i in Eq. (18). As EM (18) do
not contain
√
c2 − vγv, they have sense when v > vcr.
Without this factor, the particle could exceed c and then
continues to accelerate.
The construction can be applied, without modifica-
tions, to the effective metric (5) appeared in EM of spin-
ning particle (4). Adopting that velocity and acceleration
of spinning particle in electromagnetic field are given by
Eqs. (13) and (16), we obtain the theory with critical
speed equal to the speed of light.
Due to µ − 1 -factor in Eq. (5), the deformation of
world-line geometry in electromagnetic field will be seen
only by a particle with anomalous magnetic moment.
In a gravitational field the deformed geometry could be
probed by any spinning particle. To see this, let us con-
sider the Frenkel electron in a curved background with
the metric g˜µν . We use the model constructed in [15].
The Lagrangian can be obtained from (2) (with Aµ = 0)
replacing ηµν by g˜µν and usual derivative of ω
µ by the co-
variant derivative, ω˙µ → Dωµ = ω˙µ+Γµαβ(g˜)x˙αωβ. This
leads to EM consistent with those of Papapetrou [16], the
latter are widely assumed as the reasonable equations of
spinning particle in gravitational fields [5, 17–19]. In the
EM (4) now appears the effective metric [15]
gµν =
[
g˜ + β(Jθ + θJ) + β2θJJθ
]
µν
, (20)
where β ≡ 18m2c2−J·θ , θµν ≡ RµναβJαβ and Rµναβ(g˜) is
the curvature tensor. Hence, to guarantee the observer-
independence of c and the equality vcr = c, we need
to define velocity (13) and acceleration (16) using the
deformed metric g instead of g˜.
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